We introduce a novel framework for the statistical analysis of phylogenetic trees: Palm tree space is constructed on principles of tropical algebraic geometry, and represents phylogenetic trees as a point in a space endowed with the tropical metric. We show that palm tree space possesses a variety of properties that allow for the definition of probability measures, and thus expectations, variances, and other fundamental statistical quantities. This provides a new, tropical basis for a statistical treatment of evolutionary biological processes represented by phylogenetic trees. In particular, we show that a geometric approach to phylogenetic tree space -first introduced by Billera, Holmes, and Vogtmann, which we reinterpret in this paper via tropical geometry -results in analytic, geometric, and topological characteristics that are desirable for probability, statistics, and increased computational efficiency.
Introduction
In this paper, we provide the rigorous foundations for probabilistic and statistical formalism on the space of phylogenetic trees, which we reinterpret via a construction based on algebraic geometry. Specifically, we show that the tropical geometric space of phylogenetic trees is endowed with a well-defined metric. We give the specifics of topological and geometric quantities in this space, such as the characterization of open balls and line segments; we also study the behavior of tree combinatorial types within this space. We prove that the tropical geometric space of phylogenetic trees is complete and separable under this metric, and that there exist compact subspaces. These properties allow the existence of probability measures as well as the definition of expectations and variances. These results formalize the theory of mathematical phylogenetics for probability and statistical analysis via tropical geometry.
Phylogenetic trees are the fundamental mathematical representation of evolutionary processes. They model many important and diverse biological phenomena, such as speciation, the spread of pathogens, as well as the evolution of cancer. The field of mathematical phylogenetics is a well-studied discipline, and the area of quantitative statistics for spaces of phylogenetic trees has been under active research for several decades for two important reasons: First, explicit computations directly on phylogenetic tree spaces are challenging due to extremely high dimensionality when working with hundreds of thousands of trees on species. Second, standard statistical methodology and quantitative algorithms are not directly applicable on phylogenetic tree spaces due to their non-Euclidean nature, with the trees themselves being discrete, geometric structures. Significant previous work exists to address various classical statistical interests, such as the calculation of medians and confidence bands of phylogenetic trees (e.g. Felsenstein (1985) ; Barthélemy and McMorris (1986) ). The geometry of the space of phylogenetic trees, where each tree is represented as a point, was studied extensively by Billera et al. (2001) . This perspective became a fundamental breakthrough for quantitative work on phylogenetic trees via the Billera-Holmes-Vogtmann (BHV) tree space. Indeed, subsequent work built on this geometry and gave way to statistical methodology, such as clustering and hypothesis testing (Holmes, 2005; Chakerian and Holmes, 2012) , principal component analysis (Nye, 2011) , and dimensionality reduction via subsampling (Zairis et al., 2016) . Theoretical statistical results formalizing the limiting behavior of Fréchet means also make use of the BHV geometry of tree space (Barden et al., 2018) . BHV tree space remains an object of active research interest in mathematical phylogenetics.
Tropical geometry can be viewed as a subdiscipline of algebraic geometry, where arithmetic evaluations are based on a specific algebraic semiring known as the tropical semiring. Speyer and Sturmfels (2004) proved the existence of a homeomorphism between the space of phylogenetic trees with N leaves and a tropical construction of the Grassmannian. This result provides the first formal connection between tropical geometry and mathematical phylogenetics: it endows the space of phylogenetic trees with a tropical structure and thus, allows for a tropical coordinatization. However, despite this coincidence between tropical geometry and phylogenetic trees, there has been very little previous work that explores tropical geometry in statistical inference on phylogenetic trees. In existing work involving tropical geometry and statistical inference, Pachter and Sturmfels (2004) formulate the use of tropical geometry in statistics of graphical models as algebraic varieties, while Monod et al. (2017) demonstrate its use in constructing sufficient statistics in topological data analysis. Very recently, Yoshida et al. (2017) introduced a method for principal component analysisan important statistical technique for dimension reduction and visualizing data, thus, for exploratory data analysis -on phylogenetic tree space that uses tropical geometry, which suggests the potential for the study of tropical statistics of phylogenetic trees (Lin et al., 2017) .
The main contribution of this work is a formal theoretical basis and rigorous foundations to enable statistical analysis on the space of phylogenetic trees via tropical geometry. In particular, we endow the space of phylogenetic trees endowed with the tropical metric, and study in detail this tropical moduli space, which we refer to as palm tree space. We show that palm tree space is a Polish space, i.e. that it is a separable and completely metrizable topological space. The fact that it is Polish allows us to prove the existence of properties and quantities that are fundamental for statistics, namely, probability measures, means and variances. This ensures that statistical questions are well-defined. We also study geometric and topological features of palm tree space, and show that it exhibits properties that are desirable for analytics and computation. Our work is in part motivated by the geometric study of BHV space, but differs in the algebraic geometric flavor lent by tropical geometry, which results in certain properties that are more natural for statistical analysis. In particular, the tropical metric allows for a tropical version of linear algebra on tree space; linear algebra is the foundation of classical statistics. This paper therefore proposes a tropical framework as a novel geometric setting for studying the statistics of phylogenetic evolution in computational biology. More generally, the results we prove in this paper provide a basis for a general study of tropical statistics. Such a study suggests a new, geometric direction within the larger field of algebraic statistics, where techniques from computational algebra are leveraged in solutions to statistical problems.
The remainder of this paper is organized as follows. In Section 2, we provide the mathematical setting for our contributions. Specifically, we define and discuss the relationship between phylogenetic trees and metrics, in the context of tropical geometry. In Section 3, we introduce and provide formal properties of the tropical metric on the space of phylogenetic trees, and formally define palm tree space. We give details on the geometry and topology of palm tree space, and also prove analytic properties that make it Polish, making it amenable to statistical analysis. Section 4 gives a detailed treatment of the special case of equidistant trees and studies the behavior of their tree topologies in the setting of tropical line segments. Section 5 discusses and gives details of the tropical probabilistic quantities that are fundamental in statistical analysis and inference. We close in Section 6 with a discussion, and some ideas for future research.
Tropical Geometry & Tree Metrics
In this section, we begin by introducing the essentials of tropical geometry for our study. We then define discuss in detail the relationship between phylogenetic trees and metrics, and in particular, how phylogenetic trees may be represented by metrics. We close this section with a brief review of some important and commonly-occurring tree metrics, in particular, the BHV tree metric.
Fundamentals of Tropical Geometry
Tropical algebra is a branch of abstract algebra based on specific semirings, which we will now define. The extension of tropical algebra to tropical geometry is a subdiscipline of algebraic geometry, which studies geo-metric properties of the zeros of systems of multivariate polynomials (generally known as algebraic varieties) using tropical algebra (known as tropical varieties, in tropical geometry). Definition 1. The tropical semiring is (R ∪ {+∞}, ⊕, ⊙), with addition and multiplication given by: a ⊕ b := min(a, b) and a ⊙ b := a + b, where both operations are commutative and associative, and multiplication distributes over addition. Similarly, there also exists the max-plus semiring (R ∪ {−∞}, ⊞, ⊙), where max-plus multiplication of two elements is also defined as usual addition as above, but max-plus addition amounts to taking the maximum instead of the minimum: a ⊞ b := max(a, b) and a ⊙ b := a + b.
Note that tropical/max-plus subtraction are not defined in these semirings. Tropicalization or max-plus tropicalization means passing from standard arithmetic to tropical/max-plus arithmetic, by replacing the standard arithmetic operations with their tropical counterparts.
The tropical and max-plus semirings are very closely related, and in some settings, the terms "tropical" and "max-plus" terms are used interchangeably: the term "tropical" is sometimes used even when the max convention is adopted for addition with all elements negated.
Under these arithmetic operations, usual mathematical relations and objects of interest may be studied, such as lines, functions, and sets (see Maclagan and Sturmfels (2015) for examples and a complete, formal treatment). Moreover, binary operations on these semirings are linearizing, resulting in piecewise linear constructions of curves and functions. Such operations are desirable in reducing computational complexity. In the setting of this paper, these operations will be used in constructions on the space of phylogenetic trees.
Phylogenetic Trees and Metrics
The biological dynamics of, and relationships between, various taxa that evolve simultaneously and are believed to be related via a common ancestor are depicted graphically as a branching diagram known as a phylogenetic tree. The common ancestor is represented as a single node or root, and the evolution is represented by bifurcations, referred to as edges, which end in terminal nodes, known as leaves. From DNA, RNA, or protein multiple sequence alignment (MSA) of a finite number of species as the input, the aim is to reconstruct their evolutionary phylogeny and graphically represent it as a tree. Tree reconstruction techniques largely fall into statistical methods, and distance-based methods. In the former, optimality criteria are specified and achieved, for example maximum parsimony and likelihood (Fitch, 1971; Felsenstein, 1981) . Similarly, Bayesian approaches estimate the posterior distributions of trees (Edwards, 1970; Rannala and Yang, 1996) . An important motivation behind the development of statistical methods lies in the extremely high number of possibilities for tree combinatorial types or topologies (i.e. the configuration of branch placement, together with a leaf labeling scheme) for a rooted binary tree with N leaves,
The time complexity for likelihood phylogenetic inference methods has been studied by Roch and Sly (2017) . The problem of finding the "optimal" tree is known to be NP-complete (Schröder, 1870; Foulds and Graham, 1982) .
The latter approach deals with reconstructing trees from distance matrices (e.g. Sokal and Michener (1958) ; Fitch and Margoliash (1967) ; Saitou and Nei (1987) ). Distance-based methods for reconstructing phylogenetic trees first and foremost depend on the specification of genetic distance, such as Hamming or Jukes-Cantor distances, which measures distances between all pairs of sequences. Phylogenetic trees are then reconstructed from this matrix by positioning sequences that are closely related under the same node, with branch lengths faithfully corresponding to the observed distances between sequences. These pairwise distances between leaves in a tree can be stored in vectors, effectively representing the trees as vectors. Such vectors computed from various trees can then be used for comparative statistical and computational studies between these trees, which is the focus of this paper.
We now provide the formal setting of phylogenetic trees in the context of distances; further details to supplement what follows may be found in Pachter and Sturmfels (2005) .
Notation. In this paper, we consider N ∈ N, and denote [N ] := {1, 2, . . . , N }, and n := N 2 . Definition 2. A phylogenetic tree is an acyclic, connected graph, T = (V, E), where V is the set of labeled, terminal nodes called leaves, among which there is no vertex of degree 2. The set E consists of its edges (also called branches), each with positive length, representing evolutionary time.
An unrooted phylogenetic tree with N + 1 leaves is a tree with labels {0, 1, . . . , N } only on its N + 1 leaves. A rooted phylogenetic tree on N leaves may be obtained from an unrooted tree by setting the endpoint of the unique edge connecting to the leaf 0 as the root.
In a phylogenetic tree, an edge connecting to a leaf is called an external edge; otherwise, it is called an internal edge.
Remark 3. A technicality that we wish to highlight concerns the root: In typical depictions of phylogenetic trees (such as in Figure 6 ), a root appears to be a vertex of degree 2. To reconcile such a typical depiction with Definition 2, we can imagine an edge extending from the root to depict the (N + 1)-spider (such as in Figure 3 ), and then set the leaf at the end of this edge to be 0. This is what is described above in Definition 2, specifically in the procedure to obtain a rooted phylogenetic tree from an unrooted tree. It is common practice to disregard this edge altogether, hence a vertex of degree 2 appears to exist at the root, but this is only for matters of computational and illustrative convenience.
Notation. In this paper, for notational convenience, we interchangeably write w ij = w {i,j} = w(i, j).
The relationship between dissimilarity maps and metrics is intrinsically tropical, which can be seen in the following result.
Lemma 5 (Butkovič (2010) ). Let w : [N ] × [N ] → R ≥0 be a dissimilarity map and let W be its corresponding matrix. Then w is a metric if and only if −W ⊙ −W = −W . Definition 6. A metric w is called intrinsic if it gives the length of the shortest path between any two points x, y in the metric space, and this path is contained within the metric space. This path is referred to as the geodesic between x and y.
For a tree with N leaves, the pairwise distances between leaves are sufficient to specify a phylogenetic tree, which provides the link between the notions of metrics and trees presented above.
Definition 7. Let T be a rooted phylogenetic tree with N leaves, with labels [N ] , and assign a branch length b e ∈ R ≥0 to each edge e in T . Let w : [N ] 
where P {i,j} is the unique path from leaf i to leaf j. The map w is then called a tree distance. If w(i, j) ≥ 0 for all i, j ∈ [N ] , then w is a tree metric.
Note that tree metrics may be represented as cophenetic vectors in the following manner (Cardona et al., 2013) :
Cophenetic vectors are also called tree metrics (in vectorial representation) in the literature on mathematical phylogenetics. The following definition gives a technical condition for tree metrics.
Definition 8. The space T N of tree metrics for phylogenetic trees with N leaves consists of all n-tuples w(i, j) 1≤i<j≤N where the maximum among the following quadratic Plücker relations:
is attained at least twice for 1 ≤ i < j < k < l ≤ N . This condition for a tree metric is called the four-point condition (Buneman, 1974) . This condition may equivalently be expressed by requiring that the nonnegative, symmetric N × N matrix W = w(i, j) have zero entries on the diagonal, and that
for all distinct i, j, k, l ∈ [N ] .
Remark 9. The space T N consists of all trees: by definition, in order to be a tree and an element of T N , it must satisfy the four-point condition. The four-point condition makes no distinction between rooted or unrooted trees; in the case of rooted trees, the root (i.e. leaf label 0) is simply ignored and the condition applies to the N leaves.
The four-point condition is a stronger constraint than the triangle inequality, and is the defining difference between a general metric and a tree metric. In other words, for a distance matrix to be a tree metric, it must satisfy not only the triangle inequality, but also the four-point condition. The implication is that general biological distance matrices do not necessarily give rise to phylogenetic trees: there may be biological processes with evolutionary behavior measured by differences, which may be captured by distance matrices (such as Hamming or Jukes-Cantor distances), however such processes may not necessarily be realized as phylogenetic trees since not all distance matrices satisfy the four-point condition. We now give two examples to illustrate this distinction. 
Thus, (3) is not satisfied, and it is therefore impossible to construct a phylogenetic tree with 4 leaves such that for 1 ≤ i < j ≤ 4, the length of the unique path connecting leaves i and j is equal to w(i, j) as specified above.
Example 11. The tree metric w ∈ R 6 for the tree in Figure 1 
The Plücker relations (2) associated with W are The space T N is a subspace of the tropical projective torus R n /R1, where 1 denotes the vector of all ones. This quotient space is generated by an equivalence relation ∼ where for two points u, v ∈ R n , u ∼ v if and only if all coordinates of u − v are equal; in other words, tree distances differ from tree metrics by scalar multiples of 1. Mathematically, the construction of the tropical projective torus coincides with that of the complex torus, hence its name: all complex tori, up to isomorphism, are constructed by considering a lattice Λ ∈ C n as a real vector space, and then taking the quotient group C n /Λ. Intuitively, this quotient normalizes evolutionary time between trees.
A strengthening of the triangle inequality specified in Definition 4 gives rise to an important class of tree metrics, which we will now discuss.
Definition 12. Let w : [N ] 
, then w is an ultrametric.
If w is a tree metric, and the maximum among
is achieved at least twice for 1 ≤ i < j < k ≤ N , then w satisfies the three-point condition, and hence is a tree ultrametric (Jardine et al., 1967) . The space U N of tree ultrametrics for phylogenetic trees with N leaves consists of all n-tuples w(i, j) 1≤i<j≤N satisfying the three-point condition for tree ultrametrics.
As in the case above for metrics to define tree metrics, the strengthening of the triangle inequality for a metric to an ultrametric applies to general metric functions, but analogously, in order for an ultrametric to be a tree ultrametric, it must satisfy the three-point condition. Rooted trees satisfying the three-point condition imply also that the four-point condition is satisfied. Remark 9 concerning the rootedness of the tree also translates to this case: the space U N consists of all trees satisfying the three-point condition. In this paper, we study the ultrametric condition in the context of phylogenetic trees. Thus, for convenience, though via somewhat of an abuse of vocabulary, throughout this paper, when we write "ultrametric," we are referring to a phylogenetic tree with N leaves satisfying the three-point condition for tree ultrametrics given above in Definition 12.
Definition 13. A rooted phylogenetic tree T with N leaves is called equidistant if the distance from every leaf to its root is a constant. Proof. For any two points X, Y on a tree, we denote by w(X, Y ) the length of the unique path connecting X and Y . Suppose a tree T is equidistant with root R. Then for any three leaves A, B, C, we have that w(R, A) = w(R, B) = w(R, C). Since R, A, B, C satisfies the four-point condition, the maximum among (2):
is attained at least twice. Thus, the maximum among w(B, C), w(A, C), w(A, B) is also attained at least twice, satisfying the three-point condition, and T is therefore an ultrametric.
Conversely, suppose T is an ultrametric. Then there are finitely many leaves in T , so we can choose a pair of leaves A, B such that w(A, B) is maximal among all such pairs. Along the unique path from A to B, there is a unique point R such that w(R, A) = w(R, B). For any other leaf C, consider the distance |RC|: Since the paths from R to A and B only intersect at R, the path from R to C intersects at least one of them only at R. Suppose without loss of generality that the path from R to A is such a path. Then
and it is only attained once -a contradiction, since T was assumed an ultrametric. Hence w(R, C) = w(R, B), and R has equal distance to all leaves of T . Therefore T is equidistant with root R.
Some Common Tree Metrics
In this section, we provide details on tree metrics that commonly appear in the literature on phylogenetic trees, and those that are particularly relevant in the present work. The selection presented here is far from exhaustive; for a more comprehensive survey, see Weyenberg and Yoshida (2016) and references therein.
The BHV Geodesic Metric. Billera et al. (2001) introduced a geometric space that considers equidistant rooted phylogenetic trees on a fixed set of leaves as points. This is a moduli space where the points are trees, and the space is endowed with a metric that is defined by a geodesic between two trees. More specifically, the trees are expressed only by the lengths of their internal edges. External, or pendant, edges are not considered, since taking them into account does not affect the geometry of the space: including external edges amounts to taking the product of tree space with an N -dimensional Euclidean space. Any two points (i.e. two rooted trees with a fixed set of leaves) are connected by a geodesic, with the distance between two points is defined to be the length of the geodesic connecting them. This space of rooted phylogenetic trees, with zero-length external edges, has since been referred to as the Billera-Holmes-Vogtmann (BHV) tree space, which has been extensively studied in many computational, and especially statistical, settings (Holmes, 2003) . Since the goal of the present work is to introduce a new framework for statistical analysis on phylogenetic trees, much of what we will discuss in this paper will relate to BHV space in a comparative manner. In this paper, we denote the general BHV space by T BHV N , and the case where rooted phylogenetic trees with zero-length external edges and finite branch lengths normalized to length 1 by U BHV N ⊂ T BHV N . The latter case of U BHV N is also widely studied (e.g. Section 5 of Holmes (2003) , Gavryushkin and Drummond (2016) , and Lin et al. (2017) ), including in Section 4.4 of the original paper by Billera et al. (2001) . The U BHV N standardization to unit edge lengths presents only a mild simplification of the geometry of T BHV N (Holmes, 2003) . We now outline the construction of the BHV space: Consider a rooted tree with N leaves. Such a tree has at most 2N − 2 edges: N terminal edges, which are connected to leaves, and at most N − 2 internal edges. When a rooted tree is binary (that is, it is a bifurcating tree that has exactly two descendants stemming from each interior node), then the number of edges is exactly N − 2; the number of edges is lower than N − 2 if it is not binary. To each distinct tree combinatorial type or topology, a Euclidean orthant of dimension N − 2 (i.e. the number of internal edges) is associated. In this setting, an orthant may be regarded as the polyhedral cone of R N −2 where all coordinates are nonnegative. Thus, for each tree topology, the orthant coordinates correspond to the internal edge lengths in the tree. Since each of the coordinates in an orthant corresponds to an internal edge length, the orthant boundaries (where at least one coordinate is zero) represent trees with collapsed internal edges. These points can be thought of as trees with slightly different, though closely related, tree topologies. The BHV space is constructed by noting that the boundary trees from two different orthants may describe the same polytomic topology, i.e. a split, and thus grafting orthant boundaries together when the trees they represent coincide. The grafting of orthants always occurs at right-angles. The BHV space is thus the union of (2N − 3)!! polyhedra, each with dimension N − 2. Each polyhedron may also be thought of as the cone R N −2 ≥0 . Note that an equivalent construction may also be outlined for N − 3 internal edges for the case of unrooted trees.
To compute a geodesic in T BHV N , first, the geodesic distance between two trees on the BHV tree space is computed, and then the terminal branch lengths are considered to compute the overall geodesic distance between two trees, by taking the differences between terminal branch lengths. Since each orthant is locally viewed as a Euclidean space, the shortest path between two points within a single orthant is a straight Euclidean line. The difficulty appears in establishing which sequence of orthants joining the two topologies contains the geodesic. In the case of four leaves, this can be readily determined using a systematic grid search, but such a search is intractable with larger trees. Owen and Provan (2011) present a quartic-time algorithm (in the number of leaves N ) for finding the geodesic path between any two points in BHV space. Once the geodesic is known, its length, and thus the distance between the trees, is readily computable. Complete details on the computation of geodesic distances are given by Owen and Provan (2011) .
Inner Product Distances. The path difference d P , quartet distance d Q , and Robinson-Foulds distance (or splits distance) d S are commonly-occurring tree distances, which can be formulated as a form of inner products of vectors. We now briefly describe these distances and illustrate them with the running example of two trees T 1 , T 2 in Figure 2 The path difference between two trees T and T ′ is the Euclidean distance
where v P (T ) ∈ R n is the vector whose (i, j) th entry counts the number of edges between leaves i and j in T (Steel and Penny, 1993) . For example, for the trees T 1 and T 2 in Figure 2 , the coordinates of v P (T 1 ) and v P (T 2 ) are given by
where v i,j is the number of edges between leaf i and j. Thus, v P (T 1 ) = (2, 3, 4, 4, 3, 4, 4, 3, 3, 2) , v P (T 2 ) = (2, 4, 4, 3, 4, 4, 3, 2, 3, 3) ,
A quartet in a tree T is a subtree on four leaves induced by removing all other leaves from T . For each choice of 4 leaves, there are four possibilities for the tree topology of the induced quartet. Let Q(T ) denote the set of quartets induced by a tree T . The quartet distance d Q (T, T ′ ) is half the size of the symmetric difference of the trees' quartets,
Referring to Figure 2 , d Q (T 1 , T 2 ) = 2 since all quartets in T 1 , T 2 are the same except for the quartets whose leaves are {A, C, D, E} and {B, C, D, E}. Since d Q is the square of a Euclidean distance, the distance d Q is used as a matter of convention.
A split in a tree T is a bipartition of the leaves induced by removing one edge from T (splitting T into two trees defining the bipartition). Let S(T ) denote the set of all splits for a tree T . The RF (or splits) distance (Robinson and Foulds, 1981) d S (T, T ′ ) is half the size of the symmetric difference of the trees' splits,
For example, for the trees T 1 and T 2 in Figure 2 , we have d S (T 1 , T 2 ) = 1 since all splits in T 1 , T 2 are the same, except for the splits obtained by removing the middle edge between C and E. Since d S is the square of a Euclidean distance, the distance √ d S is also used by convention.
Cophenetic Metrics & Interleaving Distances. The copehentic vectorization of tree metrics (1) represents trees as points in the Euclidean space R n , which may be compared using the cophenetic metric, which is simply the ℓ ∞ distance (Cardona et al., 2013) . In topological data analysis, the interleaving distance is constructed in the context of category theory and used to compare persistence modules. Recent work by Munch and Stefanou (2018) shows that the ℓ ∞ -cophenetic metric is in fact an interleaving distance, connecting the fields of mathematical phylogenetics and topological data analysis.
Palm Tree Space
In this section, we define and study the tropical moduli space space of phylogenetic trees -that is, the space of phylogenetic trees under tropical arithmetic and the tropical metric. We refer to the embedded space of phylogenetic trees equipped with the tropical metric as the palm tree space (i.e. tropical tree space). We begin by motivating the need for such a space, and give the definition and prove stability of the tropical metric with respect to the BHV metric. We then characterize the geometry and topology of palm tree space, and prove the existence of properties desirable for statistical analysis.
Motivation. Locally, the BHV space of phylogenetic trees as described above behaves like Euclidean space, and the BHV metric is a CAT(0) metric, which is a geodesic. The CAT(0) property is a result on the curvature of the space, and derived from the right-angle grafting of orthants. Various algorithms to approximate and compute this geodesic have been developed (Amenta et al., 2007; Kupczok et al., 2008) . However, it has been recently shown by Lin et al. (2017) that under the BHV metric, geodesic triangles computed by state-of-the-art algorithms (Owen and Provan, 2011) result in triangles of arbitrarily-high dimension.
Moreover, the depth of geodesics (that is, the maximal depth of points along the geodesic, where the depth of a point x in the relative interior of some k-dimensional polyhedron is N − 2 − k) is also shown to be large in BHV space: geodesics traversing orthants in BHV space are cone paths, which pass through the origin (i.e. tree without internal edges), and have maximal depth. Large depths are problematic since they give rise to the phenomenon of stickiness: A metric space is sticky if the mean lies stably at a singularity. More generally, let M be a set of measures on some metric space (X, d) endowed with some topology, with a mean that is a continuous map from M to closed subsets of X. A measure µ is said to stick to a closed subset X ′ ⊂ X if every neighborhood of µ in M contains a nonempty open subset that consists of measures whose mean sets are contained in X ′ . Stickiness occurs in general stratified spaces, and tree spaces in particular (Hotz et al., 2013; Huckemann et al., 2015) ; see Example 15 for an illustration. The implication of stickiness is that perturbing any of the data points results in no change in the mean: the probabilistic and statistical consequences are the inability to determine an exact asymptotic distribution of the mean, which is essentially prohibitive for basic statistical inference, such as hypothesis testing.
Example 15. In Figure 3 , we position three unit masses on the 3-spider (that is, the rooted phylogenetic tree with three leaves and fixed pendant edge lengths) and calculate the position x of the barycenter (Fréchet mean) by minimizing 2(1 + x) 2 + (a − x) 2 . The solution is x = 0 for a < 2, and x = (a − 2)/3 for a ≥ 2. The Fréchet mean tends to stick to lower-dimensional strata. The tropical metric, however, bypasses computational shortcomings of high-dimensional geodesic triangles as well as large geodesic depths, thus exhibits desirable properties for geometric statistics. In particular, the dimension of tropical geodesic triangles is at most 2, and the depths of random geodesic paths are low (Lin et al., 2017) . These properties motivate its use and further study in the present work.
The Tropical Metric
Working on the tropical projective torus R n /R1, we define a generalized Hilbert projective metric function (Cohen et al., 2004; Akian et al., 2011) d tr on this quotient space and refer to it as the tropical metric.
Definition 16. For any point x ∈ R n , denote its coordinates by x 1 , x 2 , . . . , x n and its representation in
We refer to the function d tr as the tropical metric.
Proposition 17. The function d tr is a well-defined metric function on R n /R1.
Proof. We verify that the defining properties of metrics are satisfied.
• Symmetry: By definition, for u, v ∈ R n , d tr (ū,v) = d tr (v,ū).
• Identity of Indiscernibles: If d tr (ū,v) = 0, then u i − v i are equal for all 1 ≤ i ≤ n, thusū =v.
The function d tr satisfies the triangle inequality on R n /R1.
Thus, d tr is a metric function on R n /R1.
With this metric, we formally define palm tree space as follows.
Definition 18. For a positive integer N , let T N be the space of phylogenetic trees as in Definition 8. The metric space P N := T N , d tr (·, ·) is called the palm tree space.
Stability of the Tropical Metric. Within P N , the following lemma ensures coordinate-wise stability of the tropical metric.
The spaces T BHV N and P N are not isometric, however, the tropical metric d tr is nevertheless stable. In other words, perturbations of points in BHV space, measured by the BHV metric d BHV , correspond to bounded perturbations of their images in palm tree space, measured by the tropical metric. This stability property is desirable, since it allows for interpretable comparisons between the two spaces, and allows for "translations" in the typical BHV framework over to palm tree space.
Theorem 20 (Stability). Let N be the number of leaves in palm tree space and BHV space. Let u and u ′ be two unrooted phylogenetic trees with N leaves. Then the following inequality holds:
Moreover, the smallest possible constant is √ N + 1.
Proof. We first prove that for any two unrooted trees u,
. First, assume that u, u ′ belong to the same orthant in BHV space. Then no matter what the tree topology is, if we denote the differences of the lengths of the N − 3 internal edges in u and u ′ by d 1 , d 2 , . . . , d N −3 , and the differences of the length of the N external edges by p 1 , p 2 , . . . , p N , we always have
(e.g. Owen and Provan (2011); Lin et al. (2017)). For every pair of leaves i, j in both trees, the distance between them is a sum of the length of some internal edges and two external edges. In other words, all differences w u {i,j} − w u ′ {i,j} are of the form of the sum between some d k , and p i + p j . Thus, the maximum of these differences is at most the sum of all positive d i values, plus the two greatest p i values (take these to be p i1 and p i2 ), while the minimum of these differences is at least the sum of all negative d i values, plus two smallest p i values (take these to be p i3 and p i4 ). By definition, d tr (u, u ′ ) is the maximum minus the minimum of these differences, so we have
By the Cauchy-Schwarz inequality (Cauchy, 1821; Schwarz, 1890) ,
Now, for u, u ′ with distinct tree topologies, we consider the unique geodesic connecting them: there exist finitely many points u 1 , . . . , u k−1 in BHV space such that u i and u i+1 belong to the same polyhedron corresponding to a tree topology for 0
Thus,
Next, we consider the case where the equality holds: consider two trees T 1 and T 2 with N leaves and the same tree topology, given by the following nested sets
Similarly, in T 2 , the internal edges have lengths
The external edge lengths of T 1 and T 2 are
For 1 ≤ i < j ≤ N , in either tree the distance w {i,j} is the sum of the edge lengths of
and the minimum of all differences
There are several important remarks concerning this stability result to discuss:
Remark 21. The stability constant √ N + 1 is the best possible constant, however, it is not universal, since it depends on the number of leaves in a tree. For a fixed number N of leaves, however, the value is indeed constant.
Remark 22. It is important to note here that explicit calculations involving geodesics between trees in the original paper by Billera et al. (2001) do not include pendant (external) edges, since these do not modify the geometry of the space. Indeed, their inclusion only amounts to an additional Euclidean factor, since the tree space then becomes the cross product of BHV space of trees with internal edges only, and R N ≥0 . Geodesic distances, which depend directly on geodesic paths (the former is the length of the latter), considered in Billera et al. (2001) also do not include pendant edges.
The statement of Theorem 20 treats the most general case of unrooted trees with pendant edges included in both tree spaces. Our reasoning for considering this case, which differs from what appears in Billera et al. (2001) as described above, is twofold. First, the procedure for calculating geodesic distances between trees in BHV space described in Section 2.3 follows Owen and Provan (2011), who explicitly consider pendant edges in computing geodesics, and whose algorithm is considered to be the current standard. Since the tropical metric includes pendant edges in its calculation, a study relative to the Owen-Provan procedure, rather than the procedure given in Billera et al. (2001) where pendant edges are excluded, provides a more valid comparison. Second, the present paper builds upon previous work on the tropical metric in Lin et al. (2017) , which also deals with comparative studies relative to the Owen-Provan algorithm. We follow in this same vein for consistency.
In the interest of statistical interpretation, Theorem 20 provides an important comparative measure and guarantees that quantitative results from BHV space are bounded in palm tree space. For example, in single-linkage clustering, where clusters are fully determined by distance thresholds, the stability result means that a given clustering pattern in BHV space will be preserved in palm tree space, thus maintaining interpretability of clustering behavior.
Geometry & Topology of Palm Tree Space
A property of BHV space used above in the proof of Theorem 20 leads naturally to the study of geometric and topological properties that characterize palm tree space, and additional important differences between the two spaces. These characteristics will now be developed in this subsection.
Geometry, Geodesics & Computational Complexity in Palm Tree Space. Recall from Definition 6 above, the property that a geodesic is a path contained between any two points in a metric space with its length as the shortest path between the points. We now characterize and discuss such paths in P N .
Definition 23. Given x, y ∈ R n /R1, the tropical line segment with endpoints x and y is the set
Here, max-plus addition ⊞ for two vectors is performed coordinate-wise.
Proposition 24. For points x, y ∈ P N , the tropical line segment connecting x and y is a geodesic.
Proof. It suffices to show that for any a, b ∈ R, we have that
then for some i ≥ j + 1, z i = b + y i and, analogously, z i = a + x i . If j = 0 or j = n, then z is equal to either x or y and the claim is apparent. We may thus assume 1 ≤ j ≤ n − 1.
The set of all differences x i − z i contains −a and the greater values
Similarly, the set of all differences z i − y i contains b and the smaller values (x i − y i ) + a < b for i ≤ j. So,
Therefore, d tr (z, x) + d tr (z, y) = d tr (x, y), and the tropical line segment connecting x and y is a geodesic.
Geodesics in palm tree space are in general not unique. This is a common occurrence in various metric spaces. Example 25. Consider the following union of three 2-dimensional orthants
where the distance function is the usual Euclidean metric within each orthant. For two points v, w ∈ O where v = (2, 0, 0) and w = (0, 2, 2), there exist two shortest paths: one that connects v to w by passing through (0, 1, 0) , and the other passing through (0, 0, 1). The length of both paths is
Although palm tree geodesics are not unique, they are easy to compute. The following proposition gives their computational complexity.
Proposition 26. (Maclagan and Sturmfels, 2015, Proposition 5.2.5) The time complexity to compute the tropical line segment connecting two points in R n /R1 is O(n log n) = O(N 2 log N ).
In comparison, BHV space exhibits unique geodesics, which was used in the proof of Theorem 20. The uniqueness of geodesics in BHV space is based on the CAT(0) property of flag complexes. Expanding on the description given in Section 2.3 to compute a geodesic in BHV space, consider T 1 , T 2 ∈ T BHV N . If they belong to the same orthant, the geodesic between them is simply the Euclidean line segment connecting them in the same orthant. If not, then there exist k paths with finite line segments,
lies on the intersection of two orthants in T BHV N in such a manner that any two consecutive nodes along the geodesic belong to a common orthant in T BHV N . The length of this path is then the sum of the lengths of these line segments. A similar treatment to study the behavior of tree topologies along a tropical line segment will be given further on in Section 4. Owen and Provan (2011) show that the state-of-the-art complexity for computing BHV geodesics is O (N 4 ).
In the same way that T BHV N is constructed as the union of polyhedra, the geometry of P N is also given by such a union.
Proposition 27. (Maclagan and Sturmfels, 2015, Proposition 4.3. 10) The space T N is the union of (2N −5)!! polyhedra in R n /R1 with dimension N − 3.
Here, the cone in consideration is the usual convex cone as a subset of a vector space on an ordered field, closed under liner combinations with positive coefficients (or equivalently, the set spanned by conical combinations of vectors).
Example 28. When N = 5, T 5 has 5!! = 15 cones, which correspond to the edges of the Petersen graph, depicted in Figure 4 . In this example, Remark 3 is relevant, since the 0-node is disregarded in representing the rooted trees in terms of their leaf labels 1 through 4.
To interpret the correspondence to trees in this Petersen graph, consider the leftmost upper graph vertex on the outer hexagon and notice that there are three edges (cones) that meet at this vertex. The figures of the trees associated with these cones (illustrated in the circles) share the property that the edge to leaf 1 is the longest edge, and the remaining three leaves are permuted. Now, consider the graph vertex at the very center of the graph, inside the hexagon: the property common to the trees associated with the three cones meeting at this vertex is that the pair of leaves labeled 1 and 3 are coupled, symmetric, and are joined at the same internal node of the tree that is not the root. The remaining graph vertices may be interpreted in a similar manner, in the sense that they all share one of these two commonalities, under symmetry of and up to leaf labeling scheme. Thus, the 10 vertices of the Petersen graph here are given by the number of ways to choose a label for the longest branch length in a tree that connects directly to the root, among 4 choices of leaf labels (i.e. 4 2 ); and the number of ways to choose pairs of leaf labels that are coupled, symmetric, and correspond to the same internal node of the tree that is not directly linked to the root (i.e. 4 1 ), so 4 2 + 4 1 = 10. The intuition of the graph edges as cones lies in the property of closedness under scaling of branch lengths, for each tree type associated with each graph edge in the figure (illustrated in the circles).
The Petersen graph also coincides in the context of BHV space when considering N = 4 leaves, as the so-called link of the origin; see Billera et al. (2001) for further details. More generally, the structures of palm tree space and BHV space coincide for arbitrary N . Topology of Palm Tree Space. The following two lemmas allow us to characterize the topology of palm tree space. Recall that for x ∈ R n , the set B(x, r) = {y ∈ R n | |y − x| < r} is the open ball centered at x with radius r. By noting that R n /R1 may be identified with R n−1 by mappingū to (u 2 − u 1 , u 3 − u 1 , . . . , u n − u 1 ), an equivalent set may be correspondingly defined in palm tree space as follows. (x, r) is the open convex polytope defined by the following strict inequalities for 1 ≤ i < j ≤ n − 1:
Proof. For y ∈ R n−1 , y ∈ B tr (x, r) if and only if d tr (0,x), (0,ȳ) < r. Definition 16 admits the strict inequalities in (4). Proof. By Lemma 30, if a point y lies in B tr (x, r), then for 1 ≤ i ≤ n−1, |y i −x i | < r, thus y ∈ B(x, √ n − 1r). Conversely, if a point y lies in B(x, r), then for 1 ≤ i ≤ n − 1, we have that |y i − x i | < r. Therefore,
Hence y ∈ B tr (x, 2r). Example 33. Figure 5 illustrates the unit balls in Euclidean, BHV, and palm tree space. Here, the number of leaves is fixed to be 3. There are three 1-dimensional cones in BHV space, and they share the origin. The palm tree space
Unit ball centered at the origin with radius 1 in a BHV space with 3 leaves (0, 0, 0) Unit ball B tr (0, 0, 0), 1 in P 3 Figure 5 : Comparison of unit balls in Euclidean, BHV, and palm tree space for N = 3 leaves.
Palm Tree Space is a Polish Space
We have thus far established palm tree space as a metric space when equipped with the tropical metric, and moreover, established its topology. In this section, we prove additional analytic properties of palm tree space that are desirable for probabilistic and statistical analysis. Specifically, we prove that palm tree space is a separable, completely metrizable topological space, and thus a Polish space, by definition.
Proposition 34. P N is complete.
Proof. For convenience, when considering points in P N , we always choose their unique preimage in R n whose first coordinate is 0. Then, we may denote each point in P N by an (n − 1)-tuple in R n−1 . Let T 1 , T 2 , . . . ∈ R n−1 be a Cauchy sequence of points in P N . For 1 ≤ i ≤ n − 1, we claim that (T i k ) k≥1 also form a Cauchy sequence in R: For any ε > 0, there exists M such that for k 1 , k 2 > M , we have d tr (T k1 , T k2 ) < ε.
Suppose now that the Cauchy sequence (T i k ) k≥1 converges to T i 0 ∈ R. It suffices to show that (i) T 0 = (T 1 0 , T 2 0 , . . . , T n−1 0 ) represents a point in P N ;
(ii) lim k→∞ d tr (T k , T 0 ) = 0.
To show (ii), we argue that since (T i k ) k≥1 converges to T i 0 for all 1 ≤ i ≤ n − 1, then for any ε > 0 there exists M such that for k > M , we have |T i k − T i 0 | < ε 2 for all 1 ≤ i ≤ n − 1. Then by Definition 16,
To show (i), note that each coordinate of T 0 , including the first, is the limit of the corresponding coordinates of (T k ) k≥1 . Suppose T 0 / ∈ P N , then there exists 1 ≤ i < j < k < l ≤ N such that one term of T 0 in (2) is strictly greater than the remaining two. Then there exists M 2 such that for all k > M 2 , the one term of T k in (2) is also strictly greater than the remaining two, thus T k / ∈ P N -a contradiction. Hence (i) holds, and P N is complete.
Proof. We claim that the set of all trees with all rational coordinates is dense in P N : Fix any tree T = (w ij ) ∈ P N . By Proposition 27, T belongs to a polyhedron and there exists a tree topology with (N − 3) internal edges. Then the distance between any two leaves is the sum of the lengths of the edges along the unique path connecting them. The number of edges along each path is at most (N − 1). For any ε > 0 and length b k of each edge of the tree T , since Q is dense in R, we can find a rational number q k such that |q k − b k | < 1 2(N −1) ε. Now, construct another tree T ′ = (w ′ ij ) with the same topology as T , and with corresponding edge lengths q k . Then for any 1
and all coordinates of q k are rational. Thus, P N is separable.
In addition, we have the following characterization of compact subsets in R n :
Theorem 36. Heine-Borel Theorem (Conway, 2014, Theorem 1.4.8) In the Euclidean space R n , a subset is compact if and only if it is closed and bounded.
Thus, for palm tree space, the following corollary holds, and there exist compact subsets in palm tree space.
Corollary 37. In P N , a subset is compact if and only if it is closed and bounded.
Tropical Line Segments & The Space of Tree Ultrametrics
In this section, we treat in detail the case of equidistant trees, which, by Proposition 14, we have shown to be ultrametrics. The relevance for a study dedicated to ultrametrics specifically in this paper is twofold. First, this study allows for a parallel, geometric comparison between BHV space and the tropical interpretation of phylogenetic tree space: As mentioned above in Section 2.3 and in Remark 22, the geometric significance of BHV space lies in its construction when only internal edges are considered. Its structure is based on the union of orthants, where each orthant corresponds to a distinct, rooted tree topology (i.e. combinatorial type, together with leaf labeling scheme). The tropical construction of tree space, however, is given in terms of unrooted tree topologies (see Proposition 27), which have a more complex algebraic structure. This section provides details on rooted equidistant tree topologies and their occurrence within the tropical construction of tree space. We remark that in this section, the tropical metric that defines palm tree space is not specifically used in the study (indeed, a metric is not explicitly required to deduce the results in this section), however, our discourse remains fundamentally tropical. In particular, we consider tropical line segments as a framework for our study of the behavior of ultrametric tree topologies.
Second, in the context of applications, ultrametrics correspond to coalescent processes, which model important biological phenomena, such as cancer evolution. In phylogenomics, the coalescent model is often used to model gene trees given a species tree (e.g. Rosenberg (2003) ; Knowles (2009); Tian and Kubatko (2014) for further details). The coalescent model takes two parameters, the population size and species depth, i.e. the number of generators from the most recent common ancester (MRCA) of all individuals at present. The species depth coincides with the height of each gene tree from the root (that is, the MRCA) to each leaf representing an individual in the present time. The output of the coalescent model is a set of equidistant gene trees, since the number of generations from their MRCA to each individual in the present time are the same by model construction. Understanding the structure of ultrametrics is an important step towards the modeling and analysis of coalescent biological processes.
Notation. For a positive integer N , let p N be the set of 2-element subsets (pairs) of [N ] . In this section, for convenience, we denote an ultrametric with N leaves by (w p ) p∈pN , where for p = {i, j}, w p = w min(i, j), max(i, j) as in Definition 4.
Geometry of the Space of Ultrametrics
We begin by providing definitions of tropical geometric line and set objects and outlining important properties of these objects in the space of ultrametrics. In what follows, we denote the space of ultrametrics for equidistant trees with N leaves by U N .
Definition 38. Consider the subspace of L N ⊆ R n defined by the linear equations w ij − w ik + w jk = 0 (5) for 1 ≤ i < j < k ≤ N in tree metrics w. For the linear equations (5) spanning L N , their max-plus tropicalization is w ij ⊞ w ik ⊞ w jk : recall that under the trivial valuation, all coefficients are disregarded when tropicalizing. This tropicalization of L N is denoted by Trop(L N ) ⊆ R n /R1 and is referred to as the tropical linear space with points (w p ) p∈pN where max w ij , w ik , w jk is obtained at least twice for all triples i, j, k ∈ [N ] .
This is equivalent to the three-point condition for ultrametrics given in Definition 12. An observation from tropical geometry gives a correspondence between the tropical linear space Trop(L N ) and the graphic matroid of a complete graph with N vertices.
We have the following geometric characterization of the space U N and corresponding characterizations of tropical line segments between ultrametrics.
Theorem 39. (Yoshida et al., 2017, Theorem 2.18 
Definition 40. Let S ⊂ R n . If tropical line segments (recall from Definition 23) a ⊙ x ⊕ b ⊙ y ∈ S under the min-plus algebra (equivalently, a ⊙ x ⊞ b ⊙ y ∈ S under the max-plus algebra) for all x, y ∈ S and all a, b ∈ R, then S is said to be tropically convex.
The tropical convex hull or tropical polytope of a given subset V ⊂ R n is the smallest tropically-convex subset containing V ⊂ R n ; it is denoted by tconv(V ). The tropical convex hull of V may be also written as the set of all tropical linear combinations: and a 1 , . . . , a r ∈ R}.
Proposition 41. For two ultrametrics T 1 , T 2 ∈ U N , the tropical line segment generated by T 1 and T 2 ,
is contained in U N . In other words, U N is tropically convex.
Proof. Since T 1 is an ultrametric, a ⊙ T 1 remains an ultrametric; this is also true for b ⊙ T 2 . Thus, we may assume a = b = 0.
Suppose T These results show that U N is intrinsically tropical, since it is tropically convex and exactly equal to the tropical linear space.
Similar to Proposition 27, and as previously discussed in Section 2.3, we reiterate the following result for completeness.
Proposition 42. The space U N is the union of (2N − 3)!! polyhedral cones in R n /R1 with dimension N − 2.
An algorithm for computing tropical line segments between ultrametrics is given in Appendix A1, Algorithm 1.
Tree Topologies Along Tropical Line Segments
Thus far, we have shown that the tropical linear space coincides with the space of ultrametrics, and hence, that tropically-convex sets (and therefore tropical line segments) are also contained in the space of ultrametrics. In other words, this endows the space of ultrametrics with a tropical structure, and now allows us to study the behavior of points (trees) along tropical line segments. In particular, this allows us to characterize ultrametric tree topologies geometrically, thereby providing a description of the tropically-constructed tree space that is comparable to the geometry of BHV space for rooted trees and zero-length external edges.
The strategy that we implement in this section is largely combinatorial. We first formalize the definition of a tree topology first introduced in Section 2.2 as a collection of subsets of leaves, and use these subsets to define notions of size, and in particular, largest and smallest subsets. Given these upper and lower bounds, we then define an equivalence relation and a partial order that allow us to iteratively and combinatorially partition and compare leaf subsets and tree topologies. This gives us a framework to study types of trees that may or may not exist within the setting of tropical line segments: Specifically, Theorem 56 is a combinatorial search mechanism to give the possible tree topologies that exist along a tropical line segment.
Definition 43. A tree topology F on [N ] is a collection of clades S ⊆ [N ] , where 2 ≤ |S| ≤ N − 1 and for any two distinct clades S 1 , S 2 ∈ F , exactly one of the following nested set conditions holds:
Clades always belong to [N ] rather than [N ] ∪ {0}, since we may always choose the clade excluding the root, i.e. the leaf with label 0. In this manner, they allow for an alternative representation of trees over tree metric vectors w or matrices W .
Example 44. For the tree in Figure 6 , there are two ways to express this tree:
1. As an ultrametric in U 5 : (16, 40, 40, 40, 40, 40, 40, 20, 20, 10) 2. As a vector in an ambient space, in terms of lengths of internal edges: (0, . . . , 0, 12, 10, 5, 0, . . . , 0), where the values of the nonzero coordinates in this vector are the internal edge lengths leading to clades {A, B}, {C, D, E} and {D, E}.
In general, using the internal edges to represent trees allows for an iterative construction of a family of clades satisfying one of the nested set set conditions (6). In the case of Figure 6 The following lemma provides intuition on the definition of full-dimensionality given above in Definition 43.
Lemma 45. Let N ≥ 2 be an integer. For any tree topology F on a ground set of N elements, we have |F | ≤ N − 2.
Proof. We proceed by induction on N . When N = 2, since 2 > N − 1, F is necessarily empty because clades S cannot satisfy 2 ≤ |S| ≤ 1. When N = 3, all clades of F must have cardinality 2, because the cardinality is at least 2 and at most 2, and thus are among {1, 2}, {1, 3}, {2, 3}. But any two of these clades do not satisfy one of the nested set conditions (6). Hence |F | ≤ 1, and the base case for N = 2, 3 holds.
Next, suppose Lemma 45 holds for 3 ≤ N ≤ m where m ≥ 3. Consider the case when N = m + 1: We take all clades S belonging to F that are maximal in terms of inclusion. There are two cases:
(i) There is a unique maximal clade S max in F : |S max | ≤ m and all clades of F are subsets of S max . If |S max | ≤ 2, then F has a unique clade, which is S max and therefore |F | = 1 ≤ m − 1 = N − 2; otherwise |S max | ≥ 3. Consider the family F \{S max } on the ground set S max . For any S ∈ F \{S max }, since S is a proper subset of S max , we have 2 ≤ |S| ≤ |S max | − 1. Since F \{S max } is still a nested set, it is a tree topology on S max . By the induction hypothesis, |F \{S max }| ≤ |S max | − 2 ≤ m − 2. Thus, |F | = |F \{S max }| + 1 ≤ m − 1 = N − 2 and Lemma 45 holds for N = m + 1.
(ii) There are at least two maximal clades in F : Let these clades be S 1 , S 2 , . . . , S k (k ≥ 2), then 2
Let c i be the number of proper subsets of S i that belong to F . Then |F | = k + k i=1 c i . Notice that c i is also the cardinality of a tree topology on S i , so by the induction hypothesis, c i ≤ |S i | − 2. Hence
Lemma 45 thus holds for N = m + 1.
This concludes the transition step, and the proof.
Conversely, now, we consider the minimal clades of a tree topology F .
Lemma 46. Let F be a tree topology on [N ] . Proof. Suppose p ∈ p N and F (p) = ∅. For any two clades S 1 , S 2 ∈ F (p), since p ⊆ S 1 , S 2 , then S 1 and S 2 cannot be disjoint. Thus, by the nested set condition in Definition 43, either S 1 contains S 2 or vice versa. This means that all clades in F (p) form a completely ordered set with respect to set inclusion. Since F (p) is finite, it has a minimal element that must be contained in all other elements. This minimal element is the intersection of all clades in F (p).
Definition 47. The minimal element that is the intersection of all clades S ∈ F (p) given in Lemma 46 is called the closure of p in F . We denote this closure by cl F (p). If F (p) = ∅, we set cl F (p) to be [N ] .
Lemma 46 intuitively gives us the result that cl F (p) is the minimal subset in F ∪ {[n]} that contains p.
Given the definition of a tree topology F , and notions of maximal and minimal clades of F , we now proceed to study the behavior of varying tree topologies. We shall construct the setting for such a study via the definitions of an equivalence relation and a partial order on a tree topology F in terms of pairs p ∈ p N as follows.
Definition 48. Let F be a tree topology on [N ] . We define an equivalence relation = F on p N by
and a partial order < F on p N by
for distinct pairs p 1 , p 2 ∈ p N .
By the definition of the equivalence relation = F , every equivalence class with respect to = F corresponds to an element of F or [N ] . Non-distinct pairs p N are always comparable under = F or < F .
Lemma 49. Let F be a tree topology on [N ] . For any distinct elements i, j, k ∈ [N ] , exactly one of the following holds:
Proof. Suppose for contradiction that Lemma 49 does not hold for some distinct i, j, k. Then F {i, j} and F {i, k} do not contain each other and there exist S 1 , S 2 ∈ F such that S 1 ∈ F {i, j} \F {i, k} and S 2 ∈ F {i, k} \F {i, j} . Thus j ∈ S 1 \S 2 and k ∈ S 2 \S 1 , contradicting that F is a nested set. Hence Lemma 49 holds.
Given this framework to compare pairs of elements, we now give two notions of bipartitioning of trees that are closely related. It turns out, as we will see in Theorem 52, in the context of tree topologies, they coincide.
Definition 50. A rooted phylogenetic tree T is said to be binary if every vertex of T is either a leaf or trivalent.
Definition 51. Let F be a tree topology on [N ] 
F is said to be bifurcated if for every S ∈F , exactly one of the following holds:
(a) there exists a proper subset S ′ ⊂ S such that S ′ ∈ F and |S ′ | = |S| − 1; or (b) there exist two proper subsets S ′ , S ′′ ⊂ S such that S ′ , S ′′ ∈ F and S ′ ∪ S ′′ = S.
Note that in (b), we must have that S ′ ∩ S ′′ = ∅.
Theorem 52. Let F be a tree topology on [N ] . The following are equivalent:
(1) F is full dimensional;
(2) for 1 ≤ i < j < k ≤ N , two of the pairs {i, j}, {i, k}, {j, k} are = F , and the third pair is < F than the two F -equivalent pairs;
(3) F is bifurcated;
(4) every phylogenetic tree with tree topology F is binary.
We defer the proof of Theorem 52 to Appendix A2.
These concepts of bipartitioning in terms of tree topologies are important in understanding the combinatorial aspects of ultrametrics representing equidistant trees. Recall from Section 4.1, however, that ultrametrics are not only equidistant trees, but also are tropical line segments between equidistant trees. The equivalence relation = F and partial order < F completely define the set of all ultrametrics for a given tree topology F , which we see in the subsequent results.
Proposition 53. Given a tree topology F on [N ] , let ut(F ) be the set of all ultrametrics in U N corresponding to a tree with tree topology F . Then
Proof. Fix a tree topology F on [N ] and a corresponding equidistant tree T . For each internal edge of T indexed by a clade S, let ℓ(S) > 0 be its length. For the external edge of T , connecting the i th leaf to the root of T , let ℓ i be its length. Let h be the height of T . Then, by definition, the distance of each leaf to the root of T is h. There exists a unique path from the i th leaf to the root, consisting of the external edge connecting the i th leaf, and some internal edges: an internal edge indexed by S appears on this path if and only if the i th leaf and the root are separated by the internal edge itself. This necessarily means that i ∈ S.
Next we consider the path connecting the i th and j th leaves. This path consists of the two external edges and some internal edges. An internal edge indexed by S appears on this path if and only if the i th leaf and the j th leaf are separated by the edge. Equivalently, this means that |{i, j} ∩ S| = 1. Hence
Therefore w satisfies the condition defining the set (8).
Conversely, suppose a vector w ∈ R n /R1 satisfies the conditions defining the set (8). Then the system of linear equations
has a solution such that h ∈ R and x S > 0 for all S ∈ F . By a translation in R, we may choose a sufficiently large h such that all ℓ i in (9) are positive. Then w is the ultrametric of an equidistant tree with external edge lengths ℓ i and internal edge lengths x S , whose tree topology is F .
Corollary 54. Let F be a tree topology on [N ] and w ∈ ut (F ) . Then for any pairs p, q ∈ p N , if p ∩ q = ∅, then w p = w q implies p = F q and w p < w q implies p < F q.
Proof. If p = q, then w p = w q holds and p = F q also holds. Otherwise we may assume p = {i, j} and q = {i, k}. By Lemma 49, one of the following relationships holds: p < F q, or p = F q, or q < F p. By Proposition 53, these three relationships imply w p < w q , or w p = w q , or w p > w q respectively. Hence the converse implications also hold.
Thus far, we have introduced introduced means to study tree structures by studying subsets of leaves, and iteratively dividing and comparing these subsets, and also determined the set of ultrametrics defined by the comparison framework we set up in Definition 48. Given this framework, we now determine when we have compatibility of sets in order to present the main combinatorial result of this section, which gives the possible tree topologies along a tropical line segment.
Definition 55. Let F 1 and F 2 be tree topologies on [N ] . Define the set of compatible tree topologies of F 1 , F 2 to consist of tree topologies F where there exist ultrametrics w 1 ∈ ut(F 1 ) and w 2 ∈ ut(F 2 ), such that the ultrametric w 1 ⊞ w 2 ∈ ut(F ). We denote this set by C(F 1 , F 2 ).
Theorem 56. Let F 1 , F 2 , F be full-dimensional tree topologies on [N ] . If F ∈ C(F 1 , F 2 ), then any equivalence class C ⊆ p N with respect to = F is contained in an equivalence class with respect to either = F1 or = F2 .
Put differently, for each S ∈F , there exists either S 1 ∈ F 1 such that for p ∈ p N , if cl F (p) = S, then cl F1 (p) = S 1 ; or S 2 ∈ F 2 such that for p ∈ p N , if cl F (p) = S, then cl F2 (p) = S 2 .
Proof. Suppose F 3 ∈ C(F 1 , F 2 ). There exist ultrametrics w 1 , w 2 , w 3 such that for p ∈ p N , w 3 p = max(w 1 p , w 2 p ) and w i ∈ ut(F i ) for i = 1, 2, 3. Choose S ∈F = S ∈ F | |S| ≥ 3 ∪ {[N ]}. By Theorem 52, F is bifurcated, so condition (a) or (b) of Definition 51 holds for S. If (a) holds, we set X = S ′ and Y = S\S ′ ; if (b) holds, we set X = S 1 and Y = S 2 . Then for p = {i, j} ∈ p N , cl F 
{i,j} for all i ∈ X and j ∈ Y , then max w 1 {i,j} , w 2 {i,j} = M (10) for all i ∈ X and j ∈ Y . Consider a complete, bipartite graph G := K |X|,|Y | with vertices X ∪ Y . Recall that the vertices of a bipartite graph can be partitioned into two disjoint, independent sets where every graph edge connects a vertex in one set to one in the other. Thus, for (i, j) ∈ X × Y , if w 1 {i,j} = M , then we call the edge (i, j) of G pink; if w 2 {i,j} = M , then we call the edge (i, j) of G purple. Then, each edge in G is pink or purple, or both pink and purple. We claim that in fact, either all edges of G are pink, or all edges of G are purple.
Suppose there exists a non-pink edge (i, j) ∈ X × Y in G. Then this edge is purple:
By Corollary 54, this means that {i, j} = F {i, j ′ } = F {j, j ′ }, which contradicts that F is full dimensional. Therefore (i, j ′ ) must be purple. Symmetrically, for any i ′ ∈ X with i ′ = i, (i ′ , j) must be purple. Then for such i ′ and j ′ , we have
Finally, if all edges in G are pink, then all w 1 {i,j} are equal for (i, j) ∈ X × Y . By Corollary 54, all these {i, j} belong to the same equivalence class with respect to = F1 ; symmetrically, if all edges in G are purple, then all w 2 {i,j} are equal for (i, j) ∈ X × Y and all these {i, j} belong to the same equivalence class with respect to = F2 .
There are several important remarks concerning this result to highlight:
Remark 57. Theorem 56 may still hold when one of the tree topologies is not full dimensional, say F 1 . For example, let N = 5 and (F 1 ) and w 2 ∈ ut(F 2 ). Since cl Fi ({2, 5}) = [5] for i = 1, 2, by definition (w i ) {2,5} = max p∈p5 (w i ) p for i = 1, 2. Let w = w 1 ⊞ w 2 . Then w {2,5} = max p∈p5 w p also. However, since {2, 5} ∈ F , cl F {2, 5} = [5] and thus w / ∈ ut (F ) . Nevertheless, Theorem 56 holds for F , since for p ∈ p 5 , we have:
Remark 58. Theorem 56 provides a combinatorial way of searching for all possible tree topologies a tropical line segment of ultrametrics can traverse; Example 59 illustrates this procedure. However, the converse is not true: given full-dimensional tree topologies satisfying the conditions of Theorem 56, it is not always possible to construct tropical line segments that traverse these topologies; see Example 60 for a details.
Example 59. Let N = 5 and choose the following two full dimensional tree topologies on [5]: Example 60. Following Remark 58, let N = 12. Consider the following three tree topologies F 1 , F 2 , F , depicted in Figure 9 : 2, 7, 8, 9, 12}, {1, 7, 9}, {2, 8, 12}, {1, 7}, {2, 8}, {3, 4, 5, 6, 10, 11}, {3, 5, 11}, {4, 6 , 10}, {3, 5}, {4, 6} 2, 3, 4, 9, 10}, {2, 3, 4, 9, 10}, {2, 3, 4, 10}, {3, 4, 10}, {3, 10}, {5, 6, 7, 8, 11, 12}, {5, 7, 12}, {6, 8, 11}, {5, 7}, {6, 8} F = {1, 2, 3, 4, 9, 10}, {1, 2, 9}, {3, 4, 10}, {1, 9}, {3, 10}, {5, 6, 7, 8, 11, 12}, {5, 6, 11}, {7, 8, 12}, {5, 11}, {7, 12} .
Note that |F 1 | = |F 2 | = |F | = 10, so F 1 , F 2 , F are all full dimensional. Moreover, Theorem 56 holds for F , since for p ∈ p 12 , we have 2, 3, 4, 9, 10} implies cl F1 (p) = {1, 2, 3, 4, 9, 10}; cl F (p) = {5, 6, 7, 8, 11, 12} implies cl F1 (p) = {5, 6, 7, 8, 11, 12}; cl F 2, 7, 8, 9, 12}; cl F 4, 5, 6, 10, 11}; cl F 6, 7, 8, 11, 12}; cl F 
Hence w 1 {2,9} > w 2 {2,9} , and we have
We also have {6, 11} < F2 {5, 6}, which implies that
and {8, 12} < F1 {7, 8} implies that
Then Proposition 53 together with (11), (12), (13), and (14), we have the following chain of inequalities:
a contradiction. Hence such ultrametrics w, w 1 , w 2 do not exist. 
Symmetry on Tropical Line Segments
In contrast to the previous section, which dealt with how tree topologies vary along tropical line segments, we now turn our focus to understanding when and how invariance arises in the space of ultrametrics. To do so, we define the notion of symmetry on ultrametrics in terms of leaf relabeling. The natural setting for such a study is the action of the symmetric group Sym(N ) on N labels on [N ] , given by permuting the coordinates (positions) of the labels of the leaves. This will be the focus of the results derived in this section.
More specifically, we consider the map Σ :
where w is an ultrametric and σ ∈ Sym (N ) is an N th -order permutation of the symmetric group.
Definition 61. Let T be an equidistant tree with N leaves and let w T ∈ U N be a tree metric associated with T . Define the equivalence relation = σ between equidistant trees T and T ′ with N leaves by T = σ T ′ if and only if T and T ′ have the same tree topology and branch lengths, but the labels of leaves in T ′ are permuted by σ ∈ Sym (N ) .
Example 62. Let T 1 and T 2 be the equidistant trees shown in Figure 8 . Here, T 1 = σ T 2 , where σ = (2, 3, 1, 4) . Proof. Suppose T 1 = σ T 2 . Let w 1 = (w 1 {1,2} , . . . , w 1 {N −1,N } ) and w 2 = (w 2 {1,2} , . . . , w 2 {N −1,N } ). We have that w 1 {i,j} is the distance from a leaf i to a leaf j on T 1 , and w 2 {i,j} is the distance from a leaf i to a leaf j on T 2 , by the definition of a tree metric. Since T 1 = σ T 2 , we have that w 1 {i,j} = w 2 {σi ,σj } . Thus, Σ(w 1 , σ −1 ) = w 2 . Now suppose Σ(w 1 , σ −1 ) = w 2 . Then we have w 1 {i,j} = w 2 {σi,σj } for any pair of leaves i, j ∈ [N ] . Since w 1 , w 2 ∈ U N , there exist equidistant trees T 1 , T 2 with N leaves, respectively, by Proposition 14. Then, w 1 {i,j} is the distance from a leaf i to a leaf j on T 1 , and w 2 {i,j} is the distance from a leaf i to a leaf j on T 2 , by the definition of a tree metric. Since Σ(w 1 , σ −1 ) = w 2 , we have that w 1 {i,j} = w 2 {σi,σj } for all pair of leaves i and j. Therefore,
Example 64. To illustrate Lemma 63, we revisit the equidistant trees T 1 and T 2 shown in Figure 8 . Their ultrametrics are 4, 0.8, 2, 0.8, 2, 2) , (0.8, 0.8, 2, 0.4, 2, 2) .
Then we have σ = (2, 3, 1, 4) and σ −1 = (3, 1, 2, 4) , thus
Note that for T 1 : and similarly, for T 2 :
With this definition of symmetry given by permutation of leaf relabeling, we now study how symmetry behaves on tropical line segments. Let Γ(w T ) be a tropical line segment from the origin (0, 0, . . . , 0) to the ultrametric w T ∈ U N associated with an equidistant tree T . Also, let Γ(w T , w T0 ) be a tropical line segment from the ultrametric w T0 ∈ U N associated with an equidistant tree T 0 , to the ultrametric w T ∈ U N associated with an equidistant tree T . These definitions give the following result.
Proposition 65. Suppose T 1 is an equidistant tree with N leaves and let T 2 be an equidistant tree such that
and Σ Γ(w 2 ), σ −1 = Γ(w 1 ). Order the coordinates of both w 1 and w 2 from the smallest and largest, and let w 1 (1) , . . . , w 1 (n) and w 2
(1) , . . . , w 2 (n) be the ultrametrics after ordering the coordinates of w 1 and w 2 , respectively, from the smallest to the largest coordinates. By Lemma 63, Σ(w 1 , σ −1 ) = w 2 since T 1 = σ T 2 . Thus, w 1 (i) = w 2 (i) for i = 1, . . . , n. By applying the algorithm in the proof of Proposition 5.2.5 in Maclagan and Sturmfels (2015) on the line segment from the origin (0, 0, . . . , 0) to w 1 (1) , . . . , w 1 (n) , we obtain a tropical line segment from the origin to w 1 . Since w 1 (i) = w 2 (i) for i = 1, . . . , n, we have that Σ Γ(w 1 ), σ = Γ(w 2 ) or equivalently Σ Γ(w 2 ), σ −1 = Γ(w 1 ).
The following results provide a formalization of invariance under the action of permutation of leaf labels in terms of tree topologies. If two ultrametric trees have the same topology and branch lengths, but differ by a permutation of leaf labels, and, correspondingly, two other ultrametrics have the same properties, and the orbit of the symmetric group action permuting the labels is the same for both leaf-permuted trees, then the tropical line segments connecting these pairs coincide.
Theorem 66. Suppose T 0 and T ′ 0 are equidistant trees with N leaves such that T 0 = σ T ′ 0 . Also, suppose T and T ′ are equidistant trees with N leaves such that T = σ T ′ . Then
Proof. Since T 0 = σ T ′ 0 , we have that the differences w T − w T0 and w T ′ − w T ′ 0 are equal after ordering the coordinates of w T − w T0 and w T ′ − w T ′ 0 from the smallest and largest. The remainder of the proof follows the proof of Proposition 65.
Corollary 67. Fix T 0 , and let T and T ′ be equidistant trees with N leaves such that T = σ T ′ . Then
Example 68. Let T 1 , T 2 be equidistant trees in Figure 9 . Here, σ = σ −1 = (4, 3, 2, 1). Notice that Σ Γ(w 1 , w 0 ), σ = Γ(w 2 , w 0 ) and Σ Γ(w 2 , w 0 ), σ −1 = Γ(w 1 , w 0 ). In this figure, the black points represent the trees T 1 and T 2 . These trees have the same tree topology and the same branch lengths, but leaves are labeled differently. In BHV space, T 1 and T 2 are distinct trees, and thus belong to different orthants or quadrants, in this example, since there are only two internal edges in these trees: recall that in BHV space, within each orthant, trees are stored by their internal edge lengths, which represent coordinates. The BHV distance between T 1 and T 2 is then the unique geodesic that is the cone path, traversing the origin, illustrated by the red line.
We have T 1 = σ T 2 , and the tropical line segment is illustrated by the blue line. See the Appendix A1 for an explicit computation of the tropical line segment for this example. The orange points represent the three remaining trees in the figure: notice that in these trees, there is only one internal edge length, and thus the orange points lie on the 1-dimensional strata partitioning the quadrants. The line segments connecting the points traverse the quadrants, and at every point along the blue lines, there are two internal edge lengths until the subsequent orange point is reached, where one internal edge contracts completely into one internal node.
Probability Measures & Means in Palm Tree Space
We showed in Section 3.3 that palm tree space is a Polish space, and thus exhibits desirable (though not necessary) properties for rigorous probability and statistics. Such properties ensure well-behaved measuretheoretic properties, and in particular, allow for classical probabilistic and statistical studies, such as convergence in various modes, as well as behavior of stochastic processes. In this section, we discuss the existence of important probabilistic and statistical quantities for parametric data analysis, such probability measures and Fréchet means and variances.
Tropical Measures of Central Tendency
For distributions in general metric spaces, there are various measures of central tendency. These may be framed in palm tree space as follows. The definitions below may be generalized by replacing the tropical metric d tr with a general well-defined metric.
Definition 69. Given a probability space T N , B(T N ), P TN , the quantity
is known as the tropical Fréchet variance. The minimizer of the quantity (15) is the tropical Fréchet population mean or barycenter µ F of a distribution ν:
Definition 70. The tropical Fermat-Weber point of a distribution is a similarly-defined measure of central tendency, and can be thought of as a generalized median of a distribution in a general metric space:
For general metric spaces, neither existence nor uniqueness of (16) nor (17) Existence of Tropical Fréchet Means. As a consequence of the Heine-Borel theorem (see Corollary 37), palm tree space is a proper metric space. Thus, (16) evaluated according to the tropical metric is guaranteed to exist. Lin and Yoshida (2018) present a formal and complete treatment of the Fermat-Weber point under the tropical metric.
An immediate question concerning the calculation of the tropical Fréchet mean is whether the evaluation of the squared value of the metric should be tropical: Under the tropical arithmetic, the Fréchet mean reduces to the Fermat-Weber point by a factor of two, and thus, all results of Lin and Yoshida (2018) also hold for tropical Fréchet means, up to scaling. This suggests an interest in a detailed treatment of the tropical Fréchet mean.
In addition, we note that since geodesics are not unique in palm tree space, Fermat-Weber points and Fréchet means will also, in general, not be unique. However, the set of tropical Fermat-Weber points has been shown to be a convex polytope, which we expect to also extend to the case of tropical Fréchet means.
Tropical Probability Measures
Probability measures on combinatorial and phylogenetic trees have been previously discussed, for example by Aldous (1996) and Billera et al. (2001) . This section is dedicated to an analagous discussion on palm tree space. In P N , the Borel σ-algebra B(T N ) is the σ-algebra generated by the open tropical balls B tr of T N , given in Definition 29. We begin by providing the existence of probability measures on P N . Since T N is a finite union of polyhedra in R n /R1 (see Proposition 27), tropical Borel probability measures exist if finite tropical Borel measures µ exist on T N by an appropriate scaling of the value of µ on each polyhedron.
Alternatively, the existence of probability measures on T N can be seen by considering an arbitrary probability space (Ω, F , P) together with a measurable map X : Ω → T N . Such maps exist, since we have shown in Section 3 that T N is a Polish space and thus T N , B(T N ) is a standard measurable space (e.g. Taylor (2012) ). The probability space (Ω, F , P) is a measure space by assumption, thus also measurable. In this case, the map X is a random variable taking values in T N . Then, X induces a probability measure P TN on T N , B(T N ) by the pushforward measure X * P of P under X, known as the distribution, for all Borel sets A ∈ B(T N ): X * P(A) := P X −1 (A) = P {ω ∈ Ω | X(ω) ∈ A} .
Example 73. If P ϑ is a probability measure parameterized by ϑ, then we may obtain parametric probability distributions on T N , B(T N ) induced by P ϑ . We may, for instance, consider parametric distributions on BHV space and their induced pushforward measures on palm tree space. In the Bayesian setting, if the measure λ gives the prior distribution of ϑ, then the joint probability measure P(T N , ϑ) is given by the product measure P TN × λ. Similarly, the conditional measure P(ϑ | T N ) is also proportional to this same product measure, which can be seen by Bayes' rule, where for events B 1 , B 2 , . . . that partition the sample space, then for any event A,
Additionally, for continuous random variables Y and Z, the conditional density f Z|Y (z | y) satisfies
Example 74. Haar measures are commonly-occurring quantities in probability theory as the natural generalization of Lebesgue measure on spaces with a specified group structure. Haar measures exist on P N : By Proposition 41, tropical line segments between ultrametrics are themselves ultrametrics. In addition, Theorem 66 gives us a setting for the coincidence of any two tropical line segments connecting two trees of the same topology, with equal branch lengths among pairs. For measures on U N ⊂ P N , there exists a group structure on the space U N given by the symmetric group Sym (N ) . The group action is permutation of the N leaf labels, and the invariance is on tropical line segments between ultrametrics.
Specific probability measures analogous to classical probability distributions exist on P N , we now exemplify. We note that these measures may be generalized to arbitrary compact subspaces of T N by Corollary 37.
By Proposition 27, since T N is a finite union of polyhedra in R n /R1, the base measure on palm tree space can be defined by assigning a probability of 1/(2N − 5)!! to each polyhedron, and a uniform distribution within each polyhedron. Since each polyhedron is unbounded, the uniform distribution here would be an improper prior. A proper uniform distribution may be obtained by a rescaling of each polyhedron to be unitary.
An exponential family-type analog for palm tree space may be defined using the tropical metric as follows:
where C is a normalizing constant, and µ 0 is taken to be a measure of central tendency, as discussed above in Section 5.1. Measures of the form (18) give rise to families of distributions concentrated on a tropical central tree, µ 0 tr .
Discussion
In this paper, we defined palm tree space as the space of phylogenetic trees with N leaves, endowed with the tropical metric. We studied and gave results on its analytic, topological, geometric, and combinatorial properties that are relevant in statistical analysis. We also studied characteristics of palm tree space in reference to BHV space, and showed that in certain respects, the properties of palm tree space are more natural: In particular, we proved that open balls of palm tree space generate the same topology as Euclidean space, and defined a notion of symmetry in terms of tree topologies. It is also known that depth of a random geodesic path, dimension of a geodesic triangle, and computational complexity are all lower in palm tree space. An important difference, however, is that geodesics in palm tree space are not unique, although they are in BHV space. Nevertheless, this characteristic does not prohibit statistical analysis, which is an important direction for future research stemming from this work, and indeed, was the key motivation of this paper. One project that is currently in progress by the authors together with collaborators is a further, in-depth study of the geometry of palm tree space. In particular, we are interested in concisely characterizing the curvature of palm tree space, and its implications on computing tropical Fréchet means. Such a study will lay the foundation for subsequent fundamental probabilistic results, such as a tropical Law of Large Numbers and tropical Central Limit Theorems in terms of convergence of sets. These will then provide a background for parametric tropical statistics, and classical results from parametric statistics to be reinterpreted in the tropical setting. = (2, 2.4, 3.6, 2.4, 3.6, 3.6) y 5 := w 5 ⊞ w 2 = max (2, 2) , max (2.4, 2) , max (3.6, 2) , max ( Figure 11 : Trees y i for i = 1, . . . , 5 given by Algorithm 1 from T 2 to T 1 given in Figure 10 .
The trees y i that we obtain for each value of λ i are shown in sequence in Figure 11 . Notice that w 2 = y 1 = σ y 5 = w 1 , and y 2 = σ y 4 .
A2 Proof of Theorem 52
We recall Definition 51 here, which appears frequently in the proof of Theorem 52, which we restate and now prove.
Definition. Let F be a tree topology on [N ] 
Theorem. Let F be a tree topology on [N ] . The following are equivalent:
